Abstract. We consider a two-dimensional linear foliation on torus of arbitrary dimension. For any smooth family of complex structures on the leaves we prove existence of smooth family of uniformizing (conformal complete flat) metrics on the leaves. We extend this result to linear foliations on T 2 × R and families of complex structures with bounded derivatives C 3 -close to the standard complex structure. We prove that the analogous statement for arbitrary C ∞ twodimensional foliation on compact manifold is wrong in general, even for suspensions over T 2 : in dimension 3 the uniformizing metric can be nondifferentiable at some points; in dimension 4 the uniformizing metric of each noncompact leaf can be unbounded.
Introduction, statement of results and history

Introduction and brief statement of results
The (almost) complex structure on a two-dimensional surface is a family of complex structures on the tangent planes at the points of the surface. We say that a (nonstandard) complex structure on a Riemann surface is bounded if it has uniformly bounded dilatation with respect to the standard complex structure.
It is well-known that each measurable bounded complex structure is locally integrable. This was proved in [M] and earlier under additional regularity conditions (Hölder or continuous) in [Ko] , [Licht] , [La] . Each measurable complex structure on C is globally integrable:
1.1. Theorem ([Ah1] , [AhB] , [Vek] , [M] ). For any measurable (C ∞ ) bounded complex structure σ on C there exists a quasiconformal homeomorphism (C ∞ diffeomorphism) C → C that transforms σ to the standard complex structure. Vol. 79 (2004) Simultaneous metric uniformization of foliations 705
The definition of a quasiconformal homeomorphism may be found in [Ah2] . Theorem 1.1 implies that for any C ∞ metric g on R 2 with bounded dilatation there exists a C ∞ positive function φ : R 2 → R + such that the metric φg is flat and complete (the function φ is unique up to multiplication by constant). This statement remains valid with R 2 replaced by arbitrary parabolic Riemann surface. (Recall that a Riemann surface is said to be parabolic, if its universal covering equipped with the natural complex structure is conformally equivalent to C.)
In the present paper we study the existence of foliated versions of Theorem 1.1. Namely, we consider a real two-dimensional foliation on a Riemann manifold (M, g ) (in most cases under consideration M is compact). The metric g induces a complex structure on each leaf. We suppose that it is parabolic. By the previous statement, on each leaf L there exists a function φ : L → R + such that the metric φg of the leaf L is flat and complete. We study the following questions. Question 1. Is it possible to find a C ∞ function φ : M → R + such that the restriction to each leaf of the metric φg be flat and complete? Question 2. If yes, is it possible to find an Euclidean metric g on the ambient manifold M that coincides with φg along the leaves, and for which each leaf be totally geodesic?
1.2. Example. Denote T n = R n /2πZ n . Consider a two-dimensional parallel plane foliation on R n . The standard projection R n → T n induces a foliation on the torus T n . This foliation is called linear. Take a (nonstandard) metric g on T n and consider the corresponding complex structures on the leaves. Then each leaf is parabolic, by Theorem 1.1 and since the metric g has a bounded dilatation with respect to the standard Euclidean metric (by compactness argument).
The analogous questions were studied by A. Verjovsky [Ver] , A. Candel and X. Gómez-Mont [CGM] , A. Lins Neto ([Li1] , [Li2] ) for some holomorphic foliations with singularities by hyperbolic Riemann surfaces, and by A. Candel [Ca] , who completely answered the analogue of Question 1 for laminations by hyperbolic (elliptic) Riemann surfaces. In 1995É. Ghys [G] had studied the (parabolic) case of linear foliations on T 3 with a nonstandard metric g. He proposed Question 1 in the general case and he proved a positive answer for linear foliations on T 3 under certain Diophantine condition on the slope of the leaves.
Definition.
A holomorphic 1-form on a parabolic Riemann surface is said to be a uniformizing differential, if its squared module is a complete flat metric. A complete conformal flat metric on a parabolic Riemann surface is called a uniformizing metric.
Remark.
A uniformizing metric (differential) exists and is unique up to multiplication by constant (for the statement on the uniformizing metric see the beginning of the paper). The squared module of a holomorphic differential is always a flat metric, thus, that of a uniformizing differential is a uniformizing metric. (This together with the uniqueness of the uniformizing metric and Liouville's theorem on bounded holomorphic functions implies the uniqueness of uniformizing differential.) Thus, by uniqueness, a uniformizing metric is always the squared module of a uniformizing differential.
To construct a family of holomorphic differentials, we use the homotopy method, which reduces the proof to solving a linear bounded ordinary differential equation in the space L 2 (T n ). We prove regularity of its solution by showing that the equation is bounded in any Sobolev space H s (T n ). The method of the proof yields a new short proof of the global integrability of a C ∞ complex structure on T 2 (Theorem 2.1 in Section 2). This together with the classical normality argument (using Grötzsch inequality [Ah2] ) yields a new short proof of the general measurable case of Theorem 1.1 (to appear in [Gl] ).
Another short proof of Theorem 1.1 using a different method (Fourier transformation) was earlier obtained by A. Douady and X. Buff [DB] .
For the proof of existence of smooth family of uniformizing differentials (metrics) on the leaves, we forget the initial metric g and consider only the corresponding (smooth) family of complex structures on the leaves. We do this without changing the context, by the following proposition.
Proposition. For any two-dimensional C ∞ foliation any C ∞ Riemann metric on the foliated manifold induces a C ∞ family of complex structures on the leaves (by taking the conformal classes of its restrictions to the leaves). Conversely, each C ∞ family of complex structures on the leaves is defined in this way by some C
∞ metric on the manifold.
Proof. The first statement of the proposition follows from definition. The converse statement means that for any C ∞ family of complex structures on the leaves there exists a C ∞ metric on the foliated manifold whose restriction to each leaf is conformal. The local version of this statement follows from definition: it is obvious in the case of trivial parallel plane fibration of a cube. Its global version is proved by pasting together the local conformal metrics using a splitting of unity. Vol. 79 (2004) Simultaneous metric uniformization of foliations 707
Theorems 1.20 and 1.21 in Subsection 1.3 give a complete answer to Question 2 in the case of linear foliations on T n for smooth and analytic metrics g. They say that if the slope of a foliation satisfies certain Diophantine condition, then there exists an Euclidean metric g on T n of the same regularity, as the initial metric g that is equal to φg along the leaves and for which all the leaves are totally geodesic. The Diophantine condition depends on the regularity class under consideration and is optimal. Earlier A. Haefliger [H] have obtained a result implying that under an a priori stronger Diophantine condition the metric φg extends up to a global metric on the torus for which all the leaves are minimal surfaces. Theorem 1.23 in Subsection 1.4 gives a positive answer to Question 1 for any linear foliation on T 2 × R and arbitrary metric C 3 -close enough to the standard Euclidean metric and having uniformly bounded derivatives of each order.
Theorems 1.25 and 1.27 in Subsection 1.5 give nonlinear counterexamples to Question 1. The first counterexample (Theorem 1.25) is given by an analytic foliation on T 3 that is a suspension of a circle diffeomorphism with two fixed points (attractor and repeller). This foliation has two toric leaves, the other ones are cylinders. We show that there exists an analytic metric on T 3 such that the corresponding function φ (for which the restriction to each leaf of the metric φg is flat) is analytic on the complement of the two toric leaves and nowhere differentiable in some toric leaf. The proof uses essentially an explicit formula for normalized uniformizing differentials corresponding to linear foliations on T 2 ×R (Proposition 5.8). The second counterexample (Theorem 1.27) is given by a smooth foliation on T 2 × S 2 whose leaves are locally 1-to-1 projected to T 2 : it is a suspension of a pair of commuting diffeomorphisms over the translations by the vectors (1, 0) and (0, 1). We construct a smooth metric on the foliated space such that the function φ corresponding to each noncompact leaf tends to infinity, as the point where it is taken tends to infinity along the leaf.
E. Ghys have noticed in 1995 [G] that Reeb foliation of the three-sphere does not admit a bounded complete conformal flat metric along the leaves, for arbitrary choice of the initial metric g. In the previous counterexample this is not true. Namely, there is a metric g whose restriction to each leaf coincides with the lifting to the leaves of the Euclidean metric of T 2 . This metric itself is flat along the leaves. The basic definitions concerning complex structures are given in 1.2. Theorems 1.12 and 2.1 are proved in Section 2. Theorems 1.20 and 1.21 are proved in Section 3. Theorems 1.23, 1.25, 1.27 are proved respectively in Sections 4, 5, 6.
Complex structures and uniformizing differentials. Basic notations
Recall the following standard notations. To a (nonstandard almost) complex structure on a subset D ⊂ C we put into correspondence the C-valued 1-form of the type
1.8. Remark. Quasiconformal homeomorphisms Φ : C → C act on the space of complex structures on C: the pull-back (denoted σ) of the standard complex structure under a homeomorphism Φ is defined by the function µ = ∂Φ ∂z / ∂Φ ∂z . The differential dΦ is a uniformizing differential corresponding to the nonstandard complex structure σ. Theorem 1.1 recalled in the introduction says that each complex structure on C defined by a measurable function µ with sup |µ| < 1 can be transformed to the standard one by appropriate quasiconformal homeomorphism.
We consider two-dimensional foliations on products M × T 2 that are suspensions, i.e., whose leaves are locally 1-to-1 projected to T 2 . Let z be the standard complex coordinate on T 2 . It induces a local complex coordinate on each leaf (also denoted by z) by lifting.
1.9. Definition. The standard complex structure on leaves of an above foliation is the lifting of the standard complex structure of T 2 .
Each function µ : M ×T 2 → C, sup |µ| < 1, defines a family of bounded complex structures on the leaves so that the corresponding form (1.1) is C-linear on the tangent planes to the leaves, and vice versa. We say that a family of complex structures is smooth (analytic, etc.) , if so is the corresponding function µ.
Let f : M × T 2 → C \ 0 be a function. The condition that the 1-form fω µ is closed along the leaves (a necessary condition to be a uniformizing differential along the leaves) may be written explicitly as a PDE on the function f . Namely, consider the following differential operators acting on functions on the foliated manifold:
, both taken along the leaves with the local coordinate z.
(1.3) Then a 1-form fω µ is closed along each leaf, if and only if
(1.4) 1.11. Remark. In the previous theorem in the smooth and analytic cases the completeness of the metric φg follows from the nonvanishing of the function f and compactness argument.
We prove the following stronger theorem. Theorem 1.12 is proved in Subsections 2.1 (C ∞ case) and 2.2 (analytic and measurable cases). The squared modules of the uniformizing differentials from Theorem 1.12 are the uniformizing metrics from Theorem 1.10.
Remark.
If in the conditions of the previous theorem the leaves of the foliation are dense, then the corresponding function f is unique up to multiplication by constant. Indeed uniqueness of uniformizing differential applied leafwise implies that the function f is unique up to multiplication by a function whose restriction to almost each leaf is constant. Density of the leaves implies that the latter miltiplier function is constant almost everywhere.
Corollary. In the conditions of the previous theorem the universal covering of each leaf (almost each in the measurable case) equipped with the standard complex structure (induced by the Euclidean metric) admits a quasiconformal homeomorphism onto C whose derivative is the pullback of the form ω under the covering projection (in the sense of distributions in the measurable case).
The corollary follows from Theorems 1.1, 1.12 and the uniqueness of uniformizing differential (see Remark 1.5). 
Existence of conformal Euclidean metric for which leaves are totally geodesic
Below we formulate the statement from the title of the subsection for linear foliations on T n with nonstandard metric g under appropriate Diophantine conditions on the slope of the foliation. They are two different conditions (see Definition 1.16) corresponding to the cases, when the initial metric g is smooth (respectively, analytic).
1.15. Definition. We say that a number α ∈ R \ Q is Diophantine, if there exist constants C > 0, s ≥ 1 such that for any pair m, k ∈ Z, k = 0, the following inequality holds:
1.16. Definition. Consider a foliation on R n by parallel planes: level planes of a linear vector-function of rank n − 2. Let W be the n − 2-space passing through the origin and orthogonal to the planes. Let F be the corresponding factorized linear foliation on T n . Say that F is Diophantine, if there exist constants C > 0,
1.17. Remark. Let n = 3, x = (x 1 , x 2 , x 3 ) be coordinates in the space R 3 . Consider the foliation on R 3 by level planes of the linear function l(x) = a 1 x 1 + a 2 x 2 − x 3 . Then the corresponding linear foliation F on T 3 is Diophantine, if and only if there exist constants C > 0, s ≥ 1 such that for any N = (N 1 , N 2 , N 3 ) ∈ Z 3 \ 0 the following inequality holds:
(1.5)
It is weakly Diophantine, if and only if
(1.6) 1.18. Example. In the notations of the previous remark let the additive subgroup in R generated by a 1 and a 2 contain a Diophantine number. Then the foliation F is Diophantine. It is not known to the author, whether the converse is true. Or equivalently, there exist a discrete rank n additive subgroup Let us justify the equivalence of the two statements of Theorem 1.20. Clearly the second one implies the first one: the Euclidean metric from the first statement is the pull-back of the standard one under the diffeomorphism from the second statement. Let us prove the converse. Any Euclidean metric on a torus is transformed under appropriate diffeomorphism into the standard Euclidean metric on another torus (that is a quotient of the space by another lattice in general). Consider the images of leaves of the foliation. Their liftings to the space are planes, since the leaves are totally geodesic. They are parallel: the liftings to the space of any two leaves of the initial foliation remain on a bounded distance from each other; therefore, the same is true for the liftings of their images, hence, they are parallel. Therefore, the leaves are transformed to the leaves of a linear foliation. This proves that statement (1.7) of Theorem 1.20 implies its second statement.
Uniformizability of linear folations on T
2 × R Below we formulate the analogue of Theorem 1.12 for linear foliations on T 2 × R, on existence of family of uniformizing metrics on the leaves for any C ∞ -family of complex structures on the leaves C 3 -close to the standard one with bounded derivatives of all orders. 1.22. Remark. A linear foliation on T 2 × R is defined analogously to that on a torus. Its leaves are either all tori, or all cylinders, or all planes. In the case, when they are planes (and only in this case) they are dense. If they are tori or cylinders, then for any C ∞ metric g on T 2 × R there exists a C ∞ function φ : T 2 × R → R + such that the restriction to each leaf of the metric φg be flat and complete (see Remark 1.3 in the case of tori and Lemma 5.4 (in Subsection 5.1) in the case of cylinders).
Everywhere below without loss of generality we consider that the leaves of a linear foliation on T 2 × R under consideration are locally 1-to-1 projected to T 2 : one can achieve this by applying appropriate affine automorphism of
(1.8)
Let x 1 , x 2 be the standard coordinates on T 2 , s be an affine coordinate on R. 1.26. Remark. In fact, the foliation and the family of complex structures from Theorem 1.25 constructed in Section 5 satisfy the following additional statement: the corresponding families of uniformizing differentials and metrics are analytic in the whole complement to the toric leaf of nondifferentiability (see statement 4b), including the other toric leaf. This statement will not be used further and its proof is omitted to save the space. One can prove it by using the results of Section 5. In Subsection 2.4 we give a proof of the following version of Theorem 1.1 for torus with variable C ∞ complex structure. The method of the proof is the same as the one of the proof of Theorem 1.12.
Theorem
([Ab]). Let µ : T 2 → C be a C ∞ function, |µ| < 1. Then there exists a nonvanishing C ∞ function f : T 2 → C \ 0 such that the form fω µ = f (dz + µdz)
is closed (and hence, is a uniformizing differential). The function f normalized to have unit average along a given noncontractible closed curve depends analytically on the complex-valued function µ.
Theorem 2.1 is proved in Subsection 2.3. In the proof of Theorems 1.12 and 2.1 we use the local integrability of a C ∞ complex structure (see [Ko] , [Licht] , [La] and Proposition 2.4 stated below). Its independent proof is given in Subsection 2.4.
Homotopy method. Proof of Theorem 1.12 in the C ∞ case
We use the notations of Remark 1.17: the coordinates (x 1 , x 2 , x 3 ) on T 3 are chosen so that the x 3 -axis is transversal to the lifting to the space of the foliation F . Define the complex coordinate z = x 1 + ix 2 on the leaves of the foliation F and on those of its lifting (the coordinates x i , z and their projection pushforwards to the torus will be denoted by the same symbols x i and z).
Let µ : T 3 → C be the function defining the complex structure σ on the leaves (see (1.1)). To construct a C ∞ family of uniformizing differentials from Theorem 1.12, it suffices to construct a C ∞ function f : T 3 → C \ 0 such that the restriction to the leaves of the form ω = fω µ is closed (see the end of Subsection 1.2 and Remark 1.11). To do this, we use the homotopy method. Namely, we include the complex structure σ into the one-parametric family of complex structures (denoted by σ ν ) defined by their C-linear 1-forms
The complex structure on the leaves that corresponds to the parameter value t = 0 is the standard one, the given structure σ = σ µ corresponds to the value t = 1. We will find a C ∞ family f (x, t) :
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vanishing C ∞ functions on T 3 depending on the same parameter t, f (x, 0) ≡ 1, such that the differential forms f (x, t)ω ν are closed on the leaves. Then the function f = f (x, 1) is the one we are looking for.
The possibility to choose it analytic in µ (the last statement of Theorem 1.12) will be proved at the end of the subsection.
To construct the previous family of functions, we will find firstly a family f (x, t) of nonidentically-vanishing (not necessarily nonvanishing) functions such that the forms fω ν are closed on the leaves (the next lemma). Then we show that in fact, the functions f (x, t) vanish nowhere (the next proposition): this will prove the first statement of Theorem 1.12. To do this (and only in this place) we use the local integrability of a C ∞ complex structure (Proposition 2.4).
Lemma. Let F be a linear foliation on
T 3 , ν(x, t) : T 3 × [0, 1] → C be a C ∞ (analytic) family of C ∞ functions on T 3 depending on the parameter t ∈ [0, 1], ν(x, 0) ≡ 0, |ν| < 1. There exists a C ∞ (analytic) family f (x, t) of complex- valued C ∞ functions on T 3 depending on the same parameter t, f (x, 0) ≡ 1
, that do not vanish identically and such that the restrictions to the leaves of the form
The lemma is proved below.
Proposition. In the conditions of Lemma 2.2 the functions f (x, t) vanish nowhere, if the leaves are dense.
Proof. Let us prove that f (x, t) = 0 by contradiction. Suppose the contrary. Then the set of the parameter values t corresponding to the functions f (x, t) on the torus having zeroes is nonempty (denote this set by M ). Its complement [0, 1] \ M is open by definition. Let us show that the set M is open as well. This will imply that the parameter segment is a union of two disjoint open sets, which will bring us to contradiction. It suffices to show that the (local) presence of a zero of a function f persists under perturbation. To do this, we use the following 2.4. Proposition ( [Ko] , [Licht] , [La] 
Then there exists a local univalent complex coordinate w on a neighborhood of zero that is holomorphic with respect to the complex structure defined by µ (see (1.1)).
An independent proof of Proposition 2.4 will be given in Subsection 2.4. Suppose f (x 0 , t) = 0 for some x 0 , t (let us fix them, denote L x0 the leaf passing through x 0 ). Let w be the local holomorphic coordinate on L x0 from the previous proposition corresponding to µ = ν(x, t), w(x 0 ) = 0. Suppose that the function f (x, t) does not vanish identically on L x0 locally near x 0 : one can achieve this by choosing appropriate x 0 , since f does not vanish identically and the leaves are dense. Then fω µ = (w k + higher terms)dw by holomorphy of w and fω µ , k ≥ 1. Now by the index argument, the local presence of zero of f on L x0 persists under perturbation. This together with the previous discussion proves the inequality f (x, t) = 0 and Proposition 2.3 modulo Proposition 2.4
By the discussion preceding the previous lemma, the lemma and Proposition 2.3 imply Theorem 1.12 (modulo the analytic dependence on µ, which will be proved at the end of the subsection).
Proof of Lemma 2.2. We construct a family f (x, t) from the lemma as a solution of a linear ordinary bounded differential equation in L 2 (T 3 ). We prove regularity of its solutions by showing that it is bounded also in each Sobolev space H s (T 3 ). Recall that the condition that the form fω ν is closed on the leaves is equivalent to the equation (1.4):
Differentiating it in t and writing "dot" instead of the operator
where 
(which form an orthogonal base in the space L 2 (T 3 )). The corresponding eigenvalues (denote them respectively by λ N and λ N ) have equal modules, more precisely,
This is implied by the fact that the operator Dz is conjugated to −D z in the L 2 scalar product, which follows from definition. If the foliation F under consideration is a pushforward of the level plane foliation for a linear function The operator U from the previous corollary is defined to have the eigenfunctions e i (N,x) ; the corresponding eigenvalue is equal to
and to 1 otherwise, i.e., if D z e i(N,x) = 0 (in this case it could be taken to be arbitrary number with unit module, if N = 0). The fact that U preserves the space of analytic functions follows from their characterization (3.6) in terms of growth rate of Fourier coefficients.
Let us write down equation (2.2) in terms of the new operator U . Applying the "operator" D −1 z to (2.2) and substituting
This equation implies (2.2). The operator Id − U • ν in the left-hand side of this equation is invertible in L 2 (T
3 ) for any t and the norm of the inverse operator is bounded uniformly in t, since U is unitary and the module |ν| is less than 1 and bounded away from 1. Thus, the last equation can be rewritten aṡ
which is an ordinary differential equation in f ∈ L 2 (T 3 ) with a uniformly L 2 -bounded operator in the right-hand side. As it is shown below (in Proposition 2.7), the inverse (Id−U •ν) −1 is also uniformly bounded in each Hilbert-Sobolev spaces H j (T 3 ). Therefore, equation (2.6) written in arbitrary Hilbert-Sobolev space has a unique solution with a given initial condition, in particular, with f (x, 0) ≡ 1 (the theorem on existence and uniqueness of solution of ordinary differential equation in Banach space with the right-hand side having uniformly bounded derivative [Ch] ). This solution does not vanish identically on T 3 (uniqueness of solution) and belongs to all the spaces H j (T 3 ) for each value of t. Therefore it is C ∞ (T 3 ) for any t by Sobolev embedding theorem (see [Ch] , p.411). If ν is analytic in t, then so is the right-hand side of (2.6), and hence, the solution is also. Thus, Lemma 2.2 is implied by the following 
Proof. Let us prove the proposition for s = 1. For higher s its proof is analogous.
the sum of the L 2 operator norms of the sum entries in the right-hand side of (2.8) is finite by (2.7). Let us show that the operator in the right-hand side of (2.8) is well-defined and bounded in H 1 . To do this, it suffices to show that the sum of the operator H 1 -norms of the same entries is finite.
This will imply the finiteness of the operator H 1 -norm of the sum in the righthand side of (2.8) and Proposition 2.7 (with C = 4 k∈N kδ k−1 =
4
(1−δ) 2 ). Let us prove (2.9), e.g., for r = 1. The corresponding derivative in the left-hand side of (2.9) is equal to
(since U commutes with the partial differentiation by the condition of Proposition 2.7). The L 2 -norm of the first term in the previous formula is no greater than δ k ||f || H 1 by (2.7). Each term in its sum has L 2 -norm no greater than δ k−1 max | ∂ν ∂x1 |||f || L2 by (2.7). This proves (2.9). The proposition is proved. Lemma 2.2 is proved together with the C ∞ versions of Theorems 1.10 and 1.12.
2.8. Remark. The solution of equation (2.6) with the initial condition f | t=0 ≡ 1 admits the following formula:
Indeed, the right-hand side of (2.10) is a well defined C ∞ (analytic, dependently on the regularity of ν in +) family of C ∞ functions on T 3 , which follows from the uniform boundedness of the operators (Id − U • ν) −1 in any given Hilbert-Sobolev Vol. 79 (2004) Simultaneous metric uniformization of foliations 719
space. By definition, it satisfies the unit initial condition. Differentiating (2.10) in t yields
Hence, the function (2.10) satisfies (2.6).
Proof of the analytic dependence of the function f on µ. Let f (x, 1) be the solution of the differential equation (2.6) with ν = tµ. Its analyticity in µ follows from analyticity of the equation. This proves the last statement of Theorem 1.12.
Measurable and analytic cases of Theorem 1.12
In the case, when the metric g is measurable, the proof of Theorem 1.12 remains valid with obvious changes (e.g. all the differential equations are understood in the sense of distributions) except for the proof of the statement that the constructed σ-holomorphic differential fω µ is uniformizing. This statement means the following. Take the universal covering of any leaf L equipped with the complex structure induced by σ. The universal covering (denote it by L) is conformally equivalent to C. Then for a generic leaf L with respect to the transversal Lebesgue measure there exists a quasiconformal homeomorphism L → C whose derivative is equal to the pullback of fω µ in the sense of distributions (this homeomorphism transforms the chosen complex structure on L to the standard one). Let us prove this statement. Let ω µ = dz + µdz be the 1-form C-linear with respect to σ, ν = tµ, t ∈ [0, 1]. Denote by f (x, t) the solution of ordinary differential equation (2.6) in L 2 (T 3 ) with f (x, 0) ≡ 1 and put f = f (x) = f (x, 1). The form fω µ is closed (and hence, σ-holomorphic) on the leaves (in the sense of distributions on the torus) by construction. Let us show that its lifting to the universal covering L of a generic leaf L (with respect to the Lebesgue transversal measure) is the derivative of a quasiconformal homeomorphism L → C. (The lifting to L of a function f (a form ω µ ) on L will be denoted by the same symbol f (ω µ ).) To do this, let us approximate the function µ by functions µ k ∈ C ∞ (T 3 ) with moduli less than 1 and uniformly bounded away from 1:
. Indeed, the right-hand sides of (2.6) k depend continuously on t, f and the functional parameter µ k ∈ L 2 , |µ k | ≤ δ (though in general, the operators in the right-hand sides do not converge in the operator norm, as k → ∞). The right-hand sides are uniformly Lipschitz in f . This together with the theorem on dependence of solution of ordinary differential equation in Banach space on the parameter [Ch] implies that f k → f . Let us fix a generic leaf L so that the set f = 0 has a positive measure in L and
the complex structure defined by µ k , hence, it is the derivative of a quasiconformal diffeomorphism ψ k : L → C (Theorem 1.1). Let us fix and normalize the latter so that ψ k (y 0 ) = 0. By construction, the derivatives f k ω µ k of the diffeomorphisms ψ k converge to fω µ in the sense of distributions on L. Let us show that the sequence ψ k converges uniformly in compact sets to a quasiconformal homeomorphism. This homeomorphism will be the one we are looking for: its derivative will be equal to fω µ , as the limit of the derivatives f k ω µ k . To do this, let us fix another point
The maps ψ k are quasiconformal diffeomorphisms; each of them transforms the complex structure on L defined by the form ω µ k to the standard one. By definition, they map the points y 0 and y 1 to 0 and 1 respectively. They converge uniformly in compact subsets to a quasiconformal homeomorphism that transforms the complex structure defined by the form ω µ to the standard one (by theorem on continuous dependence of the normalized uniformizing quasiconformal homeomorphism on the parameter of complex structure [AhB] ). Therefore their derivatives also converge (in the sense of distributions) to a nonzero limit. Hence the sequence b k also converges to a nonzero limit, since the contrary would contradict the convergence of the derivatives f k ω µ k of the diffeomorphisms ψ k . Therefore the initial sequence ψ k also converges uniformly in compact sets to a quasiconformal homeomorphism with the derivative fω µ . This proves the measurable version of Theorem 1.12. Now let us prove Theorem 1.12 in the analytic case using its C ∞ version already proved. To do this, it suffices to show that if the function µ defining the complex structure is analytic, then the corresponding function f defining the uniformizing differential fω µ is also analytic. In this case the function µ extends holomorphically to some annulus A r = {x ∈ C 3 , | Im x| ≤ r}/2πZ in complex domain containing the initial torus T 3 in the interior (here the complex structure on A r is standard). Let us choose this annulus A r so that sup |µ| Ar < 1. Let us show that the corresponding function f extends holomorphically to A r . This will prove the analytic version of Theorem 1.12.
The annulus A r is fibered by the tori Im x = const. The foliation F extends up to a foliation on A r by translating F to the toric fibers Im x = const.
Let f (x, t) : A r × [0, 1] → C be the solution of (2.6) with unit initial condition f (x, 0) ≡ 1: we solve (2.6) on each toric fiber separately. The existence of a solution on each fiber follows from the assumption sup |µ| Ar < 1. The solutions on the fibers thus obtained depend smoothly on the parameter transversal to the fibers, more precisely, f (x, t) ∈ C ∞ (A r ). This follows from the smooth dependence of the right-hand side of (2.6) on the transversal parameter (more precisely, the smoothness of the family of restrictions to the fibers of the function ν = tµ).
It suffices to show that for any t ∈ [0, 1] the function f (x, t) is holomorphic on A r . Indeed, equation (2.6) in a function on A r is an ordinary differential equation preserving the space of holomorphic functions. To prove this, it suffices to show that the operator (Id−U •ν) −1 •U •µ in its right-hand side (acting on functions on A r and taken along the toric fibers) preserves the space of holomorphic functions. Vol. 79 (2004) Simultaneous metric uniformization of foliations 721
This holds for the operator U , since it commutes with the antiholomorphic differentiations by construction, and for the operator of multiplication by µ, which is a holomorphic function. The same statement for the operator (Id − U • ν) −1 , which is given by formula (2.8), follows from the previous statement, which implies that each term of the series in (2.8) preserves the space of holomorphic functions. The analytic versions of Theorems 1.10 and 1.12 are proved.
A proof of the integrability of a C
∞ complex structure on T
2
In the present subsection we give a proof of Theorem 2.1 stated at the beginning of the section. Its proof repeats that of Theorem 1.12 with small changes.
Lemma. Let ν(x, t) :
The lemma (dealing with a "linear foliation by a single leaf") is a particular case of Lemma 2.2 (when the leaves are tori). Its direct proof repeats that of Lemma 2.2 with obvious changes. We solve equation (2.6) with U = ∂ ∂z
This is a unitary operator in L 2 (T 2 ) and Sobolev spaces, which preserves averages and has the eigenbase 1, e i(n1 Re z+n2 Im z) , n 1 , n 2 ∈ Z, with the eigenvalues equal to n1−in2 n1+in2 for (n 1 , n 2 ) = 0. Let ν = tµ, f (x, t) be the corresponding family in the previous lemma, f (x) = f (x, 1). Then the form f (x)ω µ is closed. The function f does not vanish, which follows from Proposition 2.4, as in the proof of Lemma 2.2. The function f (x) depends analytically on µ by analytic dependence on parameter of a solution of ordinary differential equation in Banach space (here L 2 (T 2 )). This remains valid, if we renormalize f to have unit average along a fixed noncontractible closed curve. This proves Theorem 2.1 modulo Proposition 2.4.
Zero of holomorphic differential. Proof of Proposition 2.4
Let us prove the existence of local holomorphic coordinate. Without loss of generality we assume that µ(0) = 0 (applying a linear change of variables). One can achieve also that µ is arbitrarily small with derivatives of orders up to 3 applying a homothety and taking the restriction to a smaller disc centered at 0. We consider that the disc where µ is defined is embedded into T 2 and extend the function µ smoothly to T 2 . We assume that the extended function satisfies the inequality ||µ|| C 3 (T 2 ) < δ; one can make δ arbitrarily small.
Let ν(x, t) = tµ, f (x, t) be the corresponding function family from Lemma 2.9 constructed as the solution of differential equation (2.6) with unit initial condition, f (x) = f (x, 1). We show in the next paragraph that f (0) = 0. Then the local coordinate we are looking for is the function
Indeed, it is well-defined and holomorphic by definition. Its local univalence follows from the nondegeneracy of its differential f (0)(dz + µdz) at 0, which is implied by the inequalities |µ| < 1, f (0) = 0.
Recall that by (2.10),
The functions f (x, t) are equal to 1, if µ ≡ 0. Let us show that they are close to 1 (and hence, f (0, 1) = 0), whenever µ is small enough with derivatives up to order 3. The operator (Id − tU
This follows from definition and its uniform boundedness in the same norm (Proposition 2.7, which remains valid in our case). Therefore, if ||µ|| C 3 is small enough, then all the functions f (x, t) are close to 1 in H 3 (and hence, in C 0 , by Sobolev embedding theorem). Proposition 2.4 is proved.
Diophantine foliations. Proofs of Theorems 1.20 and 1.21
We present only the proof of the three-dimensional C ∞ version of Theorem 1.20. This proof remains valid in higher dimensions with obvious changes. The proof of Theorem 1.21 is analogous with some modifications specified at the end of the section.
Let F be a Diophantine foliation whose lifting to the space is the foliation by level planes of a linear function l(x) = a 1 x 1 + a 2 x 2 − x 3 , z = x 1 + ix 2 . Let σ be a C ∞ (T 3 ) family of almost complex structures on the leaves of F (e.g., defined by a smooth metric on T 3 ). Let ω be the corresponding differential form from Theorem 1.12 (whose restriction to each leaf is a uniformizing differential). It is uniquely defined modulo dl up to multiplication by constant, since the leaves of the foliation F are dense (F is Diophantine). Everyone of the two first equivalent statements of Theorem 1.20 is equivalent to the possibility to choose the form ω to be closed not only on the leaves, but on the whole torus. Indeed the second statement of Theorem 1.20 implies the existence of a differential 1-form closed on T 3 and holomorphic on the leaves. Conversely, for a given closed fiberwise holomorphic 1-form ω the Euclidean metric ωω + dldl on T 3 satisfies (1.7). Thus, Theorem 1.20 is implied by the following 
is closed on T 3 .
In the proof of the lemma we use the following equivalent reformulation of the condition of closedness of the form (3.1).
Remark.
Let F , l be as above, f , µ be functions on T 3 such that the form f (dz + µdz) be closed along the leaves of F . Then a 1-form (3.1) is closed on T 3 , if and only if f , µ and h satisfy the following system of differential equations:
Indeed, let us write down the closedness condition on the form (3.1) in the coordinates (x 1 , x 2 , l). In the new coordinates
coincides with the operator − ∂ ∂x3 corresponding to the coordinates (x 1 , x 2 , x 3 ). By definition, (3.1) is closed on the leaves (or equivalently, f and µ satisfy (1.4)). Under this assumption, the condition that (3.1) is closed on T 3 is equivalent to the system of differential equations
. Rewriting these equations in the coordinates (x 1 , x 2 , x 3 ) yields (3.2).
Let us show the existence of a C
∞ solution h to (3.2). This together with the previous remark will prove Lemma 3.1. To do this, we will use the following characterization of C ∞ functions on the torus.
Remark. A function h ∈ L 1 (T 3 ) with the Fourier series
We use the following equivalent reformulation of the Diophantine condition.
Remark.
Let F be a linear foliation on T 3 , D z be the corresponding differential operator from (1.3), λ N be its eigenvalues (see Remark 2.5). The foliation F is Diophantine, if and only if there exist c > 0, s ≥ 1 such that for any N ∈ Z 3 \ 0
This follows from definition and formula (2.5) for λ N . In the case, when F is Diophantine, let C be the constant from inequality (1.5). Then one can put c = 4 C .
We are looking for a solution of the system of equations (3.2). The left-hand side of the first equation is Now let us prove the last statement of Theorem 1.20. Let F be a linear nondiophantine foliation on T 3 . It suffices to prove the existence of a C ∞ (T 3 ) family of almost complex structures on the leaves of the foliation F such that there is no C 2 Euclidean metric on T 3 satisfying (1.7). In the case, when the leaves are not dense (i.e., they are tori), for a general C ∞ (T 3 ) family of complex structures the leaves do not have the same conformal type. This is the case, e.g., if the foliation by tori is given by the planes x 3 = const, and the function µ = µ(x 3 ) defining the family of complex structures is constant on each leaf but is not constant globally. Then ω µ is itself closed on each leaf and is a uniformizing differential. The ratio 1+µ i(1−µ) of its periods (taken modulo action of the group P SL 2 (R)) is an invariant of complex structure, so, generally, two distinct leaves carry distinct complex structures. The family of complex structures distinct on some pairs of toric leaves is the one we are looking for. Indeed there is no diffeomorphism satisfying the second one of the equivalent statements in Theorem 1.20, since otherwise all the leaves would be conformally equivalent to each other.
Everywhere below we consider that the foliation F has dense leaves. We consider that its lifting to the 3-space is transversal to the x 3 -axis. For the proof of the last statement of Theorem 1.20 we show the existence of complex-valued functions ν, f ∈ C ∞ (T 3 ), |ν| < 1, f = 0, such that the form fω ν is closed on the leaves (i.e., f and ν satisfy (2.1)) and that there is no C 2 (and even L 2 ) complex-valued function h on T 3 such that the corresponding form (3.1) with µ = ν is closed on T 3 (or equivalently, (3.2) holds, see Remark 3.2). Then fω ν is a uniformizing Vol. 79 (2004) Simultaneous metric uniformization of foliations 725 differential on each leaf with respect to the complex structure defined by ν. The previous statement together with the uniqueness of a uniformizing differential and density of leaves will prove Theorem 1.20. Let λ N be the eigenvalues (2.5) of the operator D z . To construct a pair (ν, f ) as in the previous paragraph, let us choose and fix a sequence of distinct multiindices
2 and for any s ∈ N there exists a number J ∈ N such that for any j > J
The existence of such a sequence N j follows from nondiophantine nature of the foliation F (which is contrary to (3.4)). Then N j 3 = 0. This follows from the assumption that |λ N j | < 1 2 and the following inequality:
2 , then N 3 = 0. This inequality follows from (2.5). Consider the family f (x, t) = 1 + t
pending on real parameter t. This is a C ∞ family of C ∞ functions, since the coefficients of the Fourier series in its formula satisfy (3.3) (by (3.5)). Any function f = f (x, t) corresponding to small enough nonzero value of t is a one we are looking for. Indeed, for any fixed nonzero value of the parameter t and any complex-valued function µ = ν there is no function h ∈ L 2 (T 3 ) such that the corresponding form (3.1) is closed, since there is no h ∈ L 2 (T 3 ) satisfying the first equation in (3.2). Indeed, if an L 2 function h satisfies the first equation in (3.2), then its Fourier coefficients with the indices N j would be equal to it, which is impossible if t = 0, since then the L 2 norm of h would be infinite.
Let us now prove the statement on the existence of a function ν satisfying (2.1) with the given previous f (Lemma 3.5 below). This will imply Theorem 1.20.
Lemma. Let F be a linear foliation on T
3 , f (x, t) = 0 be a C ∞ family of complex-valued nonvanishing C ∞ functions on T 3 uniformly depending on real parameter t, f (x, 0) ≡ 1. There exists a C ∞ family ν(x, t) of complex-valued C ∞ functions on T 3 depending on the same parameter t, ν(x, 0) ≡ 0, and satisfying (2.1).
Proof. The lemma is proved by homotopy method analogously to Lemma 2.2. Differentiating equation (2.1) in t yields (2.2). The solution ν(x, t) of (2.2) with zero initial condition will be a solution of (2.1). Let U be the operator from Corollary 2.6. Applying subsequently the "operator" D −1 z and the multiplication by f −1 to (2.2) and substituting
The last equation implies (2.2) and has a unique infinitely-smooth solution ν(x, t) with any given C ∞ initial condition (e.g., ν(x, 0) ≡ 0): its right-hand side has bounded derivative in ν in any Hilbert-Sobolev norm on any finite segment [0, τ] The proof of Theorem 1.23 is analogous to that of Theorem 1.12. Let x 1 , x 2 be the coordinates on
Let s be the additional affine coordinate on the line R in the product T 2 × R. Let the family σ of complex structures on leaves under consideration be defined by a function µ :
)). To construct a C
∞ family of uniformizing differentials on the leaves, we show that there exists a function f :
the restriction to each leaf of the form ω = f (dz + µdz) is closed; (4.1) the function f is bounded away from zero.
(4.2)
Then the last restriction (4.1) is a nonvanishing holomorphic differential, and its squared module is a complete metric by (4.2). Hence, it is a uniformizing differential.
To construct a function f satisfying (4.1), (4.2), we use the homotopy method (as in the proof of Theorem 1.12). We find a solution f (x, t), x ∈ T 2 × R, t ∈ [0, 1], of equation (2.2):
with the initial condition f | t=0 ≡ 1 that vanishes nowhere and is uniformly bounded away from zero (see (4.2)). Then the function f (x, 1) is the one we are looking for.
To solve (4.3), we construct appropriate linear operator U :
and U is bounded in the Banach norm (4.8) defined below (the Banach space that is the completion of C 
This implies the existence and uniqueness of solution f (x, t) of (4.5) in B 0,0 with any given initial condition (say, f (x, 0) ≡ 1). Then we show that for any fixed
To do this, we consider additional family of Banach norms || || r,k on C ∞ b (T 2 × R) (see (4.9) below) such that the intersection of the corresponding completions B r,k of C ∞ b (T 2 × R) coincides with the latter. We show in Subsection 4.4 that inequality (4.6) remains valid in each norm || || r,k (with c = c r,k depending on the choice of norm). This will imply the existence and uniqueness of solution in each Banach space B r,k . Therefore, the solution of (4.5) with unit initial condition exists and belongs to all these spaces, and hence, to . By definition, all the spaces B r,k are canonically embedded into the space of bounded continuous functions on T 2 × R, B r,k is canonically embedded into B r ,k , if r ≥ r , k ≥ k and one of these inequalities is strict.
Corollary. ∩
As it is shown below, Theorem 1.23 is implied by the two following lemmas. (4.13) holds, and hence, the solution f (x, t) of (4.5) from Lemma 4.6 does not vanish and is uniformly bounded away from zero. The function f (x) = f (x, 1) satisfies (4.1) and (4.2). This together with the discussion at the beginning of the subsection proves Theorem 1.23. The Addendum to Theorem 1.23 is proved in Subsection 4.5 analogously to the analytic version of Theorem 1.12. The analytic dependence of f (x) on µ follows from analyticity in µ of equation (4.5).
Lemma. Let F be a linear foliation on T 2 × R, D z , Dz be the corresponding differential operators (1.3). There exists a linear operator
U : C ∞ b (T 2 × R) → C ∞ b (T 2 × R)
Lemma. Let F be a linear foliation on T 2 × R, U be the corresponding operator from the previous lemma. Let
µ ∈ C ∞ b (T 2 × R) be a complex-valued function such that ||µ|| C 3 < 1 87 . (4.12) Then equation (4.5) has a unique C ∞ solution f (x, t) with unit initial condition f (x, 0) ≡ 1 such that for any fixed t ∈ [0, 1] f (x, t) ∈ C ∞ b (T 2 × R). If, more strongly, ||µ|| C 3 < 1 580 ,(4.
The operator U . Proof of Lemma 4.4
Let x 1 , x 2 be the coordinates on T 2 , s be the coordinate on R. Let the linear foliation F under consideration be tangent to the constant vector fields
(4.14)
For simplicity everywhere below in the present subsection for a function f ∈ C ∞ b (T 2 × R) we will write down its Fourier expansion in (x 1 , x 2 ) in the following form: It follows from definition (see also (2.4)) that for any function (4.15)
To define the operator
for any a, c ∈ C (not vanishing simultaneously) and then put
This norm is equal to the module of the eigenvalue of (L * a,c ) −1 at its eigenfunction
Proof. It suffices to prove Lemma 4.9 in the case when and the latter satisfies the inequality sup |f | ≤ sup |g|.
Uniqueness of bounded solution
Suppose the contrary: there are two distinct bounded solutions of (4.20). Their difference is a bounded solution of the corresponding linear homogeneous equation (i.e., that with g = 0). Hence, it is equal to qe s , q ∈ C \ 0, which is unboundeda contradiction. Consider the family f s0 of solutions of (4.20) from Proposition 4.10 corresponding to different starting points s 0 (each solution is restricted to its own semiinterval (−∞, s 0 ]). This family is uniformly bounded by (4.21) (the functions are bounded on their semiintervals (−∞, s 0 ] by one and the same constant). Therefore, by (4.20), their first derivatives are also uniformly bounded in the same sense. Hence, the family f s0 is precompact in C r for any r ∈ N on each segment of R, as s 0 → +∞. Therefore, it contains a subsequence converging in the C 1 norm: this subsequence corresponds to a sequence of points s 0 converging to +∞. A limit of the converging sequence is a bounded solution of (4.20) by definition (denote it by f ). It follows from the boundedness and equation (4.20) that each derivative f (k) is bounded, thus, f ∈ C ∞ b (R). The statement of existence is proved. Inequality (4.21), which holds for any f s0 , implies that sup |f | ≤ sup |g|. This implies that the norm in (4.19) is no greater than 1. If g = const, then f = g, which implies (4.19) and the last statement of Lemma 4.9 for the chosen a = c = 1. Lemma 4.9 is proved.
Corollary. Let a, c ∈
Proof. Without loss of generality, we suppose that a = c = 1, as in the proof of Lemma 4.9. Then, by definition, The last remark together with the previous corollary imply 
Properties of the norms. Proof of Proposition 4.2
In the proof of Proposition 4.2 we use the following 4.14. Remark.
Let us firstly prove inequality (4.10) of Proposition 4.2:
By (4.24), for any n = 0
(the quadratic mean inequality). Therefore,
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Let us estimate the last sum. Each its term is no greater than 1 max{|n1| 3 ,|n2| 3 } . Therefore, the sum is no greater than
for a fixed m ∈ N the points n = (n 1 , n 2 ) such that max i=1,2 |n i | = m lie in the boundary of the square [−m, m] 2 and their number is equal to 8m. This together with (4.25) implies (4.10) and in particular, finiteness of the (0,0)-norm of a function from C
is proved analogously using (4.24).
Let us prove that conversely, for any function f on T 2 × R finiteness of all the norms ||f || r,k implies that
. Let a function f has all these norms finite. This together with the previous remark imply that any derivative of the Fourier series in (x 1 , x 2 ) of f is a uniformly absolutely converging series. Therefore, the corresponding derivative of f exists and is uniformly bounded.
The statement of Proposition 4.2 that the norm ||f || 0,0 coincides with the corresponding norm of the operator of multiplication by f follows from definition:
and the equality takes place for h ≡ 1. Proposition 4.2 is proved.
Smoothness and nonvanishing. Proof of Lemma 4.6
In the proof of Lemma 4.6 we use the following inequalities valid for any
(4.27) Inequality (4.26) follows from definition. The equality in (4.27) follows from the previous remark and definition. The inequality in (4.27) follows from inequality (4.26) applied to the derivatives of f in s and the statement that the C 0 -norm of a function on T 2 × R is no less than that of its average over T 2 . Let us prove the first statement of Lemma 4.6: if inequality (4.12) holds, i.e., if ||µ|| C 3 < 1 87 , then equation (4.5) has a unique C ∞ solution f (x, t) with f (x, 0) ≡ 1 hence, the series of the norms of the sum entries in (4.29). This together with (4.29) implies (4.28) for r = 0, k = 1. The first statement of Lemma 4.6 is proved. Now let us prove the second statement of Lemma 4.6: if inequality (4.13) holds, i.e., if
, then the solution f (x, t) of (4.5) with f (x, 0) ≡ 1 vanishes nowhere and is uniformly bounded away from zero. To do this, it suffices to show that there exists a c > 0, c < 1, such that for any By (4.26) , for the proof of the previous inequality it suffices to show that there exists a 0 < c < 1 such that for any t ∈ [0, 1]
Let us prove (4.31). To do this, we use the well-known exponential estimate of the norm of a solution of bounded linear ordinary differential equation (see [Ar] ). Equation (4.5) can be rewritten aṡ 
This together with (4.26) proves (4.31). Lemma 4.6 is proved.
The analytic case. Proof of the Addendum to Theorem 1.23
By the conditions of the Addendum, the function µ extends holomorphically to a complex neighborhood T y1,y2,y3 = {Im x 1 = y 1 , Im x 2 = y 2 , Im s = y 3 }. On each fiber T y1,y2,y3 the function µ is C ∞ b : moreover, its derivatives in all the coordinates of V ∆ of each order are bounded on any subset of the type V ∆ ⊂ V ∆ , ∆ < ∆. Indeed, all its first derivatives are bounded on V ∆ (holomorphy of |µ|, the inequality |µ| < 1 and the Schwarz lemma). The boundedness of the second derivatives, etc. is proved analogously.
For the proof of the Addendum we prove the existence of a holomorphic function f on V ∆ such that the form fω µ is a uniformizing differential on the leaves of the foliation F translated to the fibers T y1,y2,y3 .
On each fiber T y1,y2,y3 there exists a smooth C . By F v we denote the foliation on the 3-torus T 3 = T 2 × S 1 (or on the product T 2 × [0, π]) with the coordinates x = (x 1 , x 2 , y) that is tangent to the planes generated by the vector fields
We show that the foliation F v with v(y) = 3 sin y satisfies the statements of Theorem 1.25.
Remark.
Any foliation F v is well-defined and is invariant under translations of T 2 . In particular, the set v(y) = 0 is invariant for F v and is foliated by tori. Any other leaf is homeomorphic to cylinder. In particular, in the above case, when v(y) = 3 sin y, there are two toric leaves: y = 0, π. Each leaf is fibered by circles tangent to the field ∂ ∂x1 , and these circles are not contractible as loops in the leaf. The foliation F v corresponding to a constant vector field v is a linear foliation. Now let us define the family of complex structures on the leaves for which we will prove Theorem 1.25
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Let σ be the family of complex structures on the leaves defined by the previous function µ. We show that for appropriate function χ as in (5.1) (that may be taken analytic) the above foliation F v and the complex structure σ satisfy the statements of Theorem 1.25. It suffices to prove the statement of Theorem 1.25 for the foliation F v restricted to T 2 × [0, π] . We show (Lemma 5.4 below) that there always exists a unique continuous family of uniformizing metrics and a unique continuous family of uniformizing differentials on the leaves, both up to multiplication by constant. The family of uniformizing differentials has the form f ( with the induced family of complex structures on the leaves. The corresponding family of uniformizing differentials is given by the form f (x 1 , x 2 , y(s))ω µ . We analyze the uniformizing differentials of the linear foliation by cylinders using the results of Section 4 and the explicit formula (analogous to (2.10)) for the corresponding function f (x 1 , x 2 , y(s)). We show (in Lemma 5.5) that this formula implies that
where the constants b 1 , b 2 are expressed as independent linear and quadratic functionals in χ: their tuple is generic for a C 1 -generic 1 function χ. The nondifferentiability of the function |f (x 1 , x 2 , y)| 2 comes from the fact that the multiplier v (0) = 3 of the field v is greater than the module 1 of the degree of the harmonic e −ix1 in formula (5.1) defining the family of complex structures. Namely, the variable change y → s can be normalized to have the asymptotics
Indeed, the field v(y) can be locally linearized at 0 by the classical linearization theorem (see [ArI] ), and the local (normalized) linearizing mapping extends up to a global linearizing C ∞ mapping h : y ∈ [0, π) → y ∈ [0, +∞), h (0) = 1. In the linearized chart y = e v (0)s , which proves (5.4). This together with formula (5.3) The unique family of uniformizing differentials on the leaves will be chosen normalized as follows.
Definition. Let S be a cylinder, S → T
2 be a topological covering such that the liftings to S of the circles in T 2 tangent to the vector field ∂ ∂x1 are closed curves 1-to-1 projected to the circles, σ be a parabolic complex structure on S. A corresponding uniformizing differential is said to be normalized, if its integrals over the previous liftings (oriented by the vector field) are equal to 2π. A corresponding uniformizing metric is said to be normalized, if the minimal length of a loop isotopic to the previous liftings is equal to 2π. (In other terms, it is the squared module of the normalized uniformizing differential.) 5.3. Remark. In Definition 5.2 the surface S is fibered by the liftings of the circles and the latters are not contractible (in particular the integrals of a uniformizing differential along them (which are equal to each other) are nonzero). The normalized uniformizing differential (metric) is well-defined and is unique. The corresponding loop of minimal length from the previous definition is a closed geodesic.
As it is shown below, Theorem 1.25 is implied by the previous discussion and the two following lemmas. Lemma 5.4 is proved in 5.4. 1 -open subset of the space of functions χ(y) satisfying (5.1) (in particular, in the subset defined by the previous inequalities) one can always find an analytic function χ(y) that also extends analytically to S 1 . This finishes the proof of Theorem 1.25 modulo the two previous lemmas and the Addendum.
Lemma. Let F be a two-dimensional foliation on a direct product
T 2 × M , M
Lemma. Let F be the standard linear foliation
(5.2) on T 2 × R with the coordinates (x 1 , x 2 , s), χ(s) : R → C be a C ∞ b function such that sup |χ| < 1, χ(s) = O(e γs ), as s → −∞; γ > 1, µ(x 1 , x 2 , s) = χ(s)e −ix1 . (5.5) Let f (x 1 , x 2 , s) : T 2 × R → C \ 0
be the function such that the restriction to each leaf of the form fω µ is the normalized uniformizing differential (see the previous definition). Then for any
k ∈ N f (x 1 , x 2 , s) = 1 + k j=1 g k (s)e −ikx1 + o(e ks ), g j (s) = (b j + o(1))e js , as s → −∞,(5.
The family of uniformizing differentials. Proof of Lemma 5.5
For the proof of (5.6) we prove an explicit formula (5.7) analogous to (2.10) for the function f as an operator power series in U • µ applied to the constant function 1 (U is the operator defined in (4.18) ). Then we analyze each its term (U • µ) k . As it is shown below, (5.6) is implied by the two following statements. Proof. Put ν = tµ, t ∈ [0, 1]. Consider the variable complex structure σ t on the leaves of F defined by the function ν. Let f t (x 1 , x 2 , s) be the function defining the normalized uniformizing differentials fω ν of the variable complex structure. For any t small enough formula (5.7) holds with f replaced by f t , µ replaced by ν:
Proposition. Let F be the standard linear foliation
Indeed, for any t small enough the right-hand side of (5.8) is well-defined and belongs to all the Banach spaces B r,k defined in Subsection 4.1 (and hence, to Vol. 79 (2004) Simultaneous metric uniformization of foliations 741
). This follows from inequality (4.28), which holds for a C 4 -small function ν = tµ. This right-hand side satisfies differential equation (4.5) with unit initial condition, as in the proof of (2.10). For small t the 1-form (Id − U • ν) −1 (1)ω ν defines a family of uniformizing differentials on the leaves with respect to the variable complex structure. Indeed, this form is holomorphic on the leaves by construction (equation (4.5)), and for small t the corresponding function (Id−U •ν) −1 (1) is close to 1 in the space B 0,0 , and hence is bounded away from zero. Now let us check that the uniformizing differentials thus constructed are normalized:
x2=const,s=const,x1∈ [0,2π] (Id − U • ν) −1 (1)ω ν = 2π.
In our case, when µ(x 1 , x 2 , s) = χ(s)e −ix1 , the Taylor coefficient at t k in the right-hand side of (5.8) is equal to
This follows from formula (4.18) for U . Thus, all the terms in the right-hand side of (5.8) except for 1 are negative harmonics in x 1 with coefficients as functions of s. Thus, the previous integral is equal to 2π, so, the differentials are normalized. Therefore, (5.8) holds for small t. Now let us show that (5.8) holds for all t ∈ [0, 1] (in particular, its right-hand side is well defined for all t ∈ [0, 1]). On each individual leaf the family f t (x)ω ν of normalized uniformizing differentials (with respect to the variable complex structure) is holomorphic in t, |t| ≤ 1 (hence, so is f t ). This follows from the AhlforsBers theorem [AhB] on holomorphy of the normalized quasiconformal mapping from Theorem 1.1 in the parameter of complex structure. As it was shown before, f t (x) coincides with the right-hand side in (5.8) for small t. The same equality (5.8) holds for all t, |t| ≤ 1 by holomorphy of f t in t, |t| ≤ 1 (in particular, the power series in (5.8) converges for |t| ≤ 1). Proposition 5.8 is proved. If the function χ is real-valued, then so are g k .
Lemma. Let χ(s)
Lemma 5.9 and the convergence of the integrals in (5.10) are proved below. This together with the previous estimate of the sum from k to 2k proves Corollary 5.10.
Remark.
In fact, |g k (s)| < c k k!e ks (c does not depend on k, s) for any k ∈ N and s ≤ 0. This inequality follows from the proof of (5.10) presented below (the implication is not written to save the space) and will not be used further. This together with the previous corollary implies (5.6). The last statement of Lemma 5.9 together with (5.6) proves Lemma 5.5.
Proof of Lemma 5.9. Let L a,c , L * a,c be operators (4.16), (L * a,c ) −1 be the inverse operator from Lemma 4.9. According to the notations of Subsection 4.2, the number a corresponding to the standard foliation F is equal to i, and the complex index n corresponding to the harmonic e −ix1 is also equal to i. By definition and (4.18), Induction step for (5.10). Suppose we have already proved (5.10) for all the indices less than a given k. Let us prove it for k. In general, k . This proves the induction step. Inequality (5.18) is proved.
Induction step for (5.11). Let us prove (5.11) for a given k ≥ 3 assuming that it is proved for all the smaller indices. To do this, we use formula (5.16) for g k and
